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Abstract:

In this paper, we obtained exact analytical solutions for the non-stationary linear
inverse heat conduction problem for bodies of one-dimensional geometry with
boundary conditions on one surface, as well as on two surfaces for a plane body, a
hollow cylinder, and a hollow sphere, obtained in a closed recurrent form. The
recurrent form of the solution of the non-stationary linear inverse heat conduction
problem for bodies of one-dimensional geometry with boundary conditions on one
surface, as well as on two surfaces for a plane body, hollow cylinders and spheres,
presented in the article is a solution in a closed form from a single position, which is
not always perhaps explicitly.
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1. Introduction

N Internet Direct mathematical modeling allows prediction the thermal esostojanie
state wide range of operation modes, for example, a technical system, to analyze the
influence of various factors on the behavior of the system and select the optimum
thermal conditions.

The use of direct methods of mathematical modeling requires an analysis of the
accuracy of mathematical models. The model can have a very complex structure and
take into account a fairly large number of factors. However, it is necessary to set the
numerical values of all members of the model characteristics, in particular, thermal
properties of materials, characteristics of the thermal interaction with the flushing
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medium and others. If the information is missing or has low accuracy, then the
complex mathematical model loses its advantages and does not provide the required
accuracy of the forecast of thermal conditions.

The practical application of mathematical modeling of heat transfer shows that the
possible unsatisfactory accuracy in mathematical modeling, for example, of high-
intensity thermal processes is due to the low accuracy of determining characteristics
using traditional direct methods [19]. In such cases, it can be very effective to use
computational and experimental methods that are based on the principles of
identification of systems with distributed parameters, which are based on algorithms
and methods for solving various types of incorrect inverse heat transfer problems [19].

As is known, in direct problems, the desired field is the temperature field, which is
found as a solution of the heat equation with known parameters of internal transfer,
corresponding to the known boundary and initial conditions, and in the inverse
problems of thermal conductivity, the initial temperature distribution and boundary
conditions are unknown functions to be determined.

Inverse problems are divided into two main types:

a. Characterization of internal energy transfer - warm coefficients o- and thermal
diffusivity , specific heat, light absorption coefficients and the like are conductive Xia
physical characteristics of the substance;

b. determination of the conditions of the external energy exchange between the
body and the medium, i.e., finding the boundary conditions: calculation of the
temperature of the outer surface and the heat flux passing through it, calculation of
variable heat transfer coefficients, thermal contact resistances, degrees of blackness,
angular coefficients of radiation, from the south include the position of the surface of
the phase transition or destruction, the preparation of unsteady power and energy
balances, etc. [19].

It is clear that it is much more difficult to obtain a solution to the inverse heat
conduction problem than the direct one; however, in the direct problem, when
measuring or realizing the given boundary conditions, many experimental obstacles
may arise. Physical conditions are, for example, such that it is practically not always
possible to install the sensor on the surface of the body or the measurement accuracy
is significantly reduced due to the placement of sensors. Therefore, it is often difficult
to measure the law of the temperature of a heated solid surface. It is much easier to
perform a sufficiently accurate time measurements of temperature dependency of
internal points in a thermally insulated body surface. Thus, the problem arises of
choosing between relatively inaccurate measurements and a complex analytical
problem. At the same time, a sufficiently accurate and easily implemented solution of
the inverse problem would simultaneously reduce both difficulties to a minimum [19].
The direct heat conduction problem under correctly posed conditions has a unique
solution. In the case of inverse problems, the identity of temperature fields is possible
as a result of external influences that are different in nature, but equivalent in energy
terms [5,6,19].

The temperature field of a solid does not uniquely determine the boundary
conditions under which it arose. A number of energy equivalent to their exposure
meters on the system of boundary conditions may vary to reflect the complex thermal
processes.
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An example is the fact that any redistribution of heat flux densities, for example,
between convective and radiation components when combined, leads to an identical
thermal state of the system [19].

There are other drawbacks inherent to the inverse methods of studying unsteady
heat transfer in technical systems: limitation of the number of points in parts in which
temperatures and heat fluxes are measured; certain experimental values of
temperatures and heat flows, on which the -calculations are made, contain
measurement errors even when using precise devices, as occupancy sensors in a solid
body in some way violates the temperature field detail her; curvature of the surface,
the spatial and temporal variation of heat flow in the body does not make it possible to
accurately predict the direction of heat flow, or other layers you define the place
Raspaud decomposition sensor, which should be normal to the surface.

It should be noted that reverse methods do not allow the physical interpretation of
non-stationary complex processes occurring in systems.

In addition to the disadvantages, including the above, inverse methods have some
advantages in comparison with the straight. In a direct problem, when measuring or
realizing given boundary conditions, many experimental obstacles may arise. The
physical conditions in the test systems may be such that the setting cannot be on the
surface of the sensor body (e.g., coatings on the surface) or substantially reduced
measurement accuracy due to the placement of sensors, therefore, it is often difficult
to measure the law of changes in temperatures and heat flows of solid surfaces.

Summarizing the above, we can conclude that there is a relevant preparation in the
form of single exact analytical solutions closed nonstationary linear inverse heat
conduction problem for body-dimensional geometry with one boundary conditions on
the second surface. In this article the exact closed analytical solution of the inverse
heat conduction problem is achieved in a recurrent form, that is, in an implicit form,
since this is not always possible in an explicit form [2,3,4,5,6].

2. Recurrent Solutions for Non-Stationary Linear Inverse Problems
and Heat Conduction for Bodies of One-Dimensional Geometry
with Boundary Conditions on one Surface

There is an exact solution of inverse problems of unsteady heat conduction
relatively few in number, and their significantly smaller than the corresponding
decisions of direct non-stationary heat conduction problems. You can specify that
one-quarter and of the first successful attempts to solve the inverse transient heat
conduction problems for a flat body was first made in 1890 Y.Stefan [1].

Subsequently, solutions were obtained for the one-dimensional linear inverse non-
stationary heat conduction problem in an independent manner O.R.Burggraf [2] and
D.Lengford [3] and the assumption of become widely known at the sensor locations
transient heat flux density and tempera tours. Exact solutions for temperature fields
from previously known temperatures at two different internal points using the Laplace
transform method were obtained by M. Imber and D. Khan [4].

A nalogichnye solutions for one-dimensional bodies prefedenes as in papers [5,6],
in which solutions for a non-temperatures are given explicitly, a thermal density of
current deterministic differentiation floor s tempera round.
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Subsequently, solutions to similar problems were obtained, partly having not only
theoretical but also applied character, including the nonlinear one-dimensional
problem of unsteady heat conduction [7-19].

As was partially indicated in [2-6], the expression of solutions for the non-
stationary linear inverse heat conduction problem for bodies of one-dimensional
geometry in explicit form is not possible in all cases, therefore, in order to obtain the
final solution, additional assumptions have to be applied, for example, as in [2] where
the thin wall assumption is used.

The purpose of this article is to obtain a solution to the non-stationary linear inverse
heat conduction problem for bodies of one-dimensional geometry with boundary
conditions on the same surface from common positions in a closed recursive form,
which will have distinct advantages over solutions, since they can be obtained for all
the above problems, but not explicitly for everyone.

We write the equation of nonlinear non-stationary thermal conductivity for one-
dimensional geometry and constant curvature (in this case, the radial coordinate is
considered) in the following form [5]:

10t _ g2y = p1-k O (k=1 0) _ 0%t k10t
aar_Vt_r Br(r ar)_6r2+ r or (1)
where £ is the number of final measurements: 1 is a flat field; 2 - cylindrical; 3 -
spherical; ¢ is the temperature; 7 is the radial coordinate; and - coefficient of thermal
diffusivity.

The definition domain of differential equation (1) is from 0 to 72 (in this case, the
radial coordinate is considered) in coordinate (in the case of hollow bodies:
from 71 (radial coordinate of the inner surface) to 72 ) and from O to the current value t
in time ( > 0).

In a dimensionless form, this equation can be written as follows [5]:
aT __ 8°T | k—-10T
ARl PR )

at . . . . . . .

where Fo =— is the Fourier criterion; 7' is the dimensionless temperature; p
T
1

= r/ r1 is the dimensionless coordinate; 71 - radial coordinate at which the boundary
conditions are specified.

Inverse heat conduction problem for equation (1) or (2) is to find the boundary
conditions on the one-dimensional body surface at known unsteady temperature and
heat flow and thermal characteristics of the body material is not temperature
dependent.

In the framework of this article, we study the process of heat conduction at a time
quite remote from the initial moment of time; therefore, the influence of the initial
conditions practically does not affect the temperature distribution at the time of
measurement or observation (the so-called “task without initial conditions”). In
practical terms, this may mean that, with a sufficient distance from the initial moment
of time, the aftereffect component, taking into account the influence of the initial
conditions, becomes so small that it will already be less than the measurement error of
sensors measuring temperatures and heat fluxes [5,6].

The component of the influence of the temperature field of a one-dimensional layer,
which is heated on the inner surface, is considered using a dimensionless coordinate,
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for which the heated surface corresponds to a unit value (the homochronism complex
refers to this internal radial coordinate) can be represented as follows [5]:

T(p, Fo) = X TP (F0) Py + X2 Ki"™ (FO) Py = 3570 0y Py + X0 O2 Pz (3)

. . T . . . . at . . . .
where is Ki = % the Kirpichev criterion; Fo = —- Fourier criterion; p =r/r 1is the
r
1
dimensionless coordinate; r1 -radial coordinate on which boundary conditions are

specified; a is the coefficient of thermal diffusivity; A is the coefficient of thermal
conductivity; g is the heat flux density; A ¢ is the temperature difference.

On the heated surface there is a boundary condition of the second kind. In this case,
the heat flux density and temperature are measured on the same surface.

Solutions for bodies of simple configuration will differ in the values of the
radial quasi-polynomials P, 1and P, >.

In the framework of this work, these quasipolynomials will be solved in recurrent
forms, in contrast to [ 2,3,4,5,6 ] and [7-19].
2.1. Flat Plate

The quasi-polynomials P, 1 and P , > for a flat plate will be as follows:

Pn+1,1 = fop f()p Pn.l dpdp (4)
Pn+1,2 = fop fop Pn,Z dpdp (5)
Poy=1;Pop=p (6)

For the first quasi-polynomials P;, 1 and P>, 1, etc. , P12 and P», > etc. for a flat
plate, you can write:

p* p pd
P1,1 :7;P2,1 :Zipg_l Z%;...;...; (7)
5 7
=F. S —r .
P1,2 =% ;P2,2 120 ,P3_2 50400 (8)

Therefore, using the method of mathematical induction, it is possible to write
quasipolinomes for solving the inverse non-stationary heat conduction problem when
setting boundary conditions on the same surface for a flat plate in a recurrent form:

pZ
Py q= mpn—m; )
2

Pny=—>—P (10)

T n(2n+1)” L2

2.2. Continuous Cylinder

The quasi-polynomials P, 1 for a continuous cylinder will be as follows:

1

Pusia = Jy = Jy PP dpdp (11)

PO,l == 1 (12)

For the first quasi-polynomials P; |1 and P>, etc. for a solid cylinder, you can write:
2 4 4

Piy =3Py = 2iPay = o (13)

4
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Hence, using the method of mathematical induction, we can write quasi-
polynomials for solving inverse transient heat conduction problem by setting the
boundary condition on the axis of a solid cylinder in a recurrent form:

2

Pp1=-5Py 11 (14)

4n?

2.3. Hollow Cylinder

The quasi-polynomials P, 1and P, 2 for a hollow cylinder will be as follows:

1
Prarn = J{5 Jy P dpdp (15)
1
Pusiz = J{ 5 J{ pPuz dpdp (16)
Po1=1;Pop =1Inp (17)

For the first quasi-polynomials P;, and P>, P;2and P22, etc. for a hollow cylinder,
you can write:

1 1 11 1 1
Pyi=5p—3Inp—2=2p"—2Po2—7Pos (18)
1 1 1 1 1 1 1

Pia=5p"np—2p*+lnp+o=7p(np—1) +, P2+, Pos (19)

1 4_12 121 _5_1 4_1 _1 _1 _1
P2'1_64’D gP lnp+16p 16 Inp or  eaP 2P1'2 4P1'1 16P0'2 64P0'1
(20)

—1 4 _3 4,1 2 1 B3 _1 4 _3H,1!

P2'2_64p Inp 128P :IGP ln1p+64h;p+128_64p (lnp 2)+4P1'1+
TePo1t 7Pzt Po2 21)
-1 6__1 4 Ao a1 2 1 2_ 1 5 1 6_

P3'1_2304p 1128’0 lrllp+128p1 oaP llnp 2561‘0 384fnp 1152 2304P
P21 5P — 5 Poa =5 P22 — 5 P2 — g7 Poz s s s (22)

=1 6mp——L 64 L Ly 12 L2y b L
P32 _1 zsP P 1113824ip +2563p Inp 51112‘0 + 2561p lnp:_512p +52304 np+ e
-1 6 _y,1 3 _u 1 5 5 p ..
= 230sP (lnp 6) t Pt g Put g Por Y 3Pz Pzt g Posie (23)
Therefore, using the method of mathematical induction, it is possible to write quasi-
polynomials for solving the inverse non-stationary problem of heat conduction when
setting the boundary condition on the inner surface of the hollow cylinder in a

recurrent form:

1 3 - 1 <  2m-m)
Fn1 = @nnzP ,Z'D((Z(n a m}}u)2 o mzzu ((2tn— :rn}}uj2 . o
n n—1 n—m
1
Pnz =|Ilnp— alt rtp
(HP ,,.Z:iml )P ;u({z(n—m}}!!f Z’i i )
- 1 v 2(n—m) oo
+ 7 Pm! & il B P?J‘L-E
mZ:c. ((2tn —m))u)’ mzzu ((2n—m))n) Z{ 25)

2.4. Continuous Ball
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The quasi-polynomials P, for ¢ flat ball will be as follows:
Pri11 = fo f: 2P,1dpdp (26)

PO,l = 1 (27)

For the first quasi-polynomials P, 1, etc. for a solid ball, we can write:
p* p*

2
Pii=5%Py =2 Py =L
L1767 217 75977 31 7 540’

(28)

Therefore, using the method of mathematical induction, it is possible to write quasi-
polynomials for solving the inverse non-stationary heat conduction problem with a
boundary condition in the center of a continuous ball in a recursive form:

2

Ppi=—2—P,_ (29)

n-(2n+1)” ML

2.5. Hollow Ball

The quasi-polynomials P, ; and P, . for a hollow ball will be as follows:

1
Ppy1n = J7 —sz p*Pp1dpdp (30)
1
P12 = 1pp ! 2Pnzd.DdP (€29)
Po’lzljpo’zzl—% (32)

For the first quasi-polynomials P;,1and P21, Pi2and P»», etc. for a hollow ball you
can write:

Pii=g,(0 = D*(p+2);Poy = ﬁl(p ~ Do +4) (33)
Py = m— Lp—1)0(p + 6);...;... (34)
=“(P —1)%Py =a—(P —1)%P 32 = m‘(ﬂ =D (35)

Therefore, using the method of mathematical induction, it is possible to write quasi-
polynomials for solving the inverse non-stationary problem of heat conduction when
setting the boundary condition on the inner surface of a hollow ball in a recurrent
form:

_ 1 132 (p+2n)
Pny = 2n-(2n+1) (p—1) (p+2(n—1))Pn_1'1 (36)
1
Pn2 = g @ = 1 Pro12 (37)

For a given stationary boundary conditions on one surfaces and ® , ; and
® , 2 recurrence relation will be as follows:

2
710001,

0,; =
ni a Ot

Vi=1,2 (38)

The above relations express the recurrence form of the exact solution of the inverse
problem of unsteady heat conduction for bodies of one-dimensional geometry under
unsteady boundary conditions specified on one side.

The recurrent form of writing the solution allows us to solve this problem from a
single position in a closed form, since expressing solutions in explicit form, as, for
example, in [7-19] , is not possible in all cases, as indicated in [2,5,6] .

Submitted to Energy Research, page 7-17 WWwWw.itspoa.com/journal/er



Volume 4, Issue 3, 2020 ISSN: 2617-4553 ™~
DOI: https://doi.org/10.31058/j.er.2020.43001 g‘

The questions of the correctness of this inverse heat conduction problem (that is, the
existence of a solution, its uniqueness, and its stability) were considered in detail in
[5,6]; therefore, this study does not need to be considered again.

The above obtained article solutions nonstationary inverse heat conduction
problem for one-dimensional bodies were successfully practical manner employed as
part of a conjugate problem when determinancy maximum impact soot layer on the
surface of the combustion chamber to the working fluid transient parameters in
radiation-convective heat transfer [20,21,22], and also in developing the theory
of heat transfer in insulating packaging to stabilize the temperature regimes of storage
of perishable products [23,24].

For the heat transfer conditions characteristic of [23,24], calculations were
performed for the dependences generated in this article. Under the same temperature
boundary condition, the largest deviation will be for a flat body, and the smallest-for a
solid ball; for a solid cylinder, there will be an intermediate value.

Both for a hollow cylinder and for a hollow ball, the temperature deviation will
be greater than for a solid cylinder and ball, respectively. Comparison of a hollow
cylinder with a hollow ball shows that for small values of 72 / 71 e deviation for a
hollow cylinder will be less than for a hollow ball, but for large values of 2 / 1
the deviation for a hollow cylinder will already be greater than for a hollow ball. For
these conditions [23,24] above fracture occurs at a value 72/ r1= 3 2/ 15. An analysis of
the calculations indicates a stronger dependence of the calculated temperature on the
parameter 72/ r1 for a hollow ball than for a hollow cylinder.

3. Solutions in Recursive Form for Nonstationary Linear Inverse
Heat Conduction Problem for Bodies With Dimensional Geometry
Boundary Temperature Conditions On Both Surfaces

The temperature fields of hollow cylinders and spheres, plates whose faces are
located in different media, are asymmetric, but one-dimensional. An asymmetric
temperature field is obtained from measurements of temperatures at the boundaries of
the body, which should be previously known functions of time.

The component of the influence of the temperature field of a one-dimensional layer,
at the boundaries of which there are non-stationary temperature boundaries, is
considered when using a dimensionless coordinate: the first point is taken as the
origin, and the second has a unit abscissa (for a flat field); the first point has a unit
abscissa, and the second has a point p 2 (for spherical and cylindrical fields); can be
represented as follows [5]:

T(p,Fo) = Z ™ (Fo)P,, + Z T, (Fo) B, = Z B, Pi Z 8,2 Pz
n=0 n=0 n=0 n=0 (39)

On both surfaces, there is a boundary condition of the first kind. In this case,
temperatures are measured on the boundary surfaces.

Solutions for bodies of simple configuration will differ in the values of the
radial quasi-polynomials P, 1and P, 2.

In this work, these quasi-polynomials will be solved in the recurrent forms, in
contrast to the papers [2,3,4,5,6] and [7-19].
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3.1. Flat Plate

The quasi-polynomials P, 1and P, for a flat plate will be as follows:

1
P11 = Jy Jo Puidpdp —p [ [ Pnydpdp (40)
1
Puri2 = Jo Jo Przdpdp —p [, [T Pnadpdp (41)
P0,1 =1- Pipo,z =p (42)

For the first quasipolynomials P;, 1 and P21, P 12 and P2, etc. for a flat plate, you
can write:

Py =— %P3 +%.02 —%P (43)
Pyy =—§1op5 +§p4 —%p?’ +ﬁp (44)
P31 =—ﬁp7+%p6—§10p5+%0p3—9j—5p (45)
Py == 362880 'D9 40320 p8 - 15120 'D7 + 54100 'DS - 28135 p3 + 47125 Py (46)
Py = %Pg —%P (47)
Po2=—p>—3p’ +=p (48)
P35 = ﬁfﬂ _%ps -i_%eo‘o3 B 1531120p (49)
1 o__1 7,3 s5_ 31 3 127

(50)

Pyr=——
42 362880’0 30240p 43200’0 90720p 604800p' T

Therefore, using the mathematical induction method can be written quasi-
polynomials for solving the inverse problem of non-stationary heat conduction by
setting the temperature boundary conditions on both boundary surfaces s to the flat
plate in recursive form:

1
(2n+1)!

_ -1 22k B ik
Pn,l - Pn—l,l - -

k=0 ki1(2n—1—k)! 4
1 1 k
(2n—k) (2n+1—k) BZ”“‘") P Gh)

2n+1 1 o
PGP T

= 2n+1 (CDMTE e oom (PR 1wk (S gtk
Pn,Z = Pn—l,Z - Zk=0 k!(2n+1_k)!P + Zk=0 k!(Zn_k)!,D ++ Zk:O leo DL (1] X

Bon—1-k 1 1 l
( 4 (2n—k) (2n+1—k)B2n+1_k)p (52)

where B, are the Bernoulli numbers B,, = n__+1127;=1 CZE B,_{,n€EN: (Cg = (1<1Vik)! is
the binomial coefficient; the number of combinations of N in K ) [25] . For example,
the first few Bernoulli numbers are equal : Bo=1; B1=-1/2; B2=1/6; B3=0; B 4=
-1/30;Bs=0;B¢=1/42; B7=0;Bs=—-1/30; B9=0; B 10=5/66;B11=0; B 1n=—
691 / 2730; B 13=0; B 1a=17/6; B 15=10; B 16=-3617/510; B 17=10; B 18 =
43867/798; B 19=0; In 20=-174611 /330 ...

For the last quasi-polynomials P, >, one can rearrange and write it in the following
form:

= 1 1_ i 1 — )21 2n—1_ 221k Bon—1-k _
P2 = Pro12 =Gy (1= AT 4 5 (1= 2™+ Xico T X( 4
1 1
(2n—k) (2n+1-k) BZ”H—k) (1-p)k (53)
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3.2. Hollow Cylinder

The quasi-polynomials P, 1and P, > for a hollow cylinder will be as follows:

p1cp l p21 rp
Pn+1,1 = fl ;fl an,l dpdp - l:/fz 1 2;f1 an,l dpdp (54)
p1p Inp (P21 (p
Puiz = Jy 5 Iy PPuzdpdp =12 [7 2 [7 pPy2 dpdp (55)
— 1 _ Inp | __Inp
Pop=1=7""Pos=7"> (56)

For the first quasi-polynomials Pi, 1 and P21, P12 and P22, etc. for a hollow
cylinder, you can write:

Sp— 2_ 2 1
PLt = g 2P [20n02)" = pi 4 2lnpa 4 1]~

ptlnp —p*+2inp,lnp +1] (57)

- [lnpz +Inp—p?lnp, +

Py = m[mlnpz +8Inp —8p5lnp —16p*Inp, + 3p*Inp, ++ 8p*Inp +
8(Inpy)* Inp — 8p5 — 8p? + 6(Inpy)* + 8p3p® — 8p*(Inp2)? ++ 2p*(Inpy)* +
14Inp,Inp — 8;)%,02 Inp +8p%inp,Inp—2p*inp,Inp ++ 8] —mlnp [8pg -
5p3Inp, — 16 pZlnp; — 16p% + 8(Inpy)® +4 20(Inpy)* + 21 Inp, + 8] (58)

1 1
P12 = [lnp + p?Inp — p? + 1] ~ e [Inp; + p5Inp, — p* +1](59)

1

Py, = Wlnp [6p3(Inpy)* — 13p% Inp, + 8p5 + 8p2(Inpy)? — 16p2 ++

1

6(Inpy)? + 13 Inp, + 8| —W[S Inp, +8Inp +8psinp, —8psinp —8p®Inp, +

3p*Inp, ++ 8p?Inp — 8p§ —8p? + 8p§ p>+6InpyInp— 8,o§p2 Ilnp, — 8p§p2 Inp ++
8p2Inpylnp —2p*Inp,Inp +8p3p*inp,Inp+8]  (60)

K vasipolynomials for solving the inverse non-stationary heat conduction problem
when setting the boundary temperature conditions on both boundary surfaces for
a hollow cylinder in a recurrent form are obtained as follows, based on the solutions
obtained for the inverse non-stationary heat conduction problem when setting the
boundary condition on the inner surface of the hollow cylinder, i.e. . Formulas (24)
and (25).

It is convenient here to introduce local notation, ¢ valid only for this section,
in order to avoid further discrepancies in solving the problem:

(24)

(61)
(62)

In other words, the functions F, 1 and F, > within the framework of this
section denote the quasi-polynomials P,, 1 and P, 2 for the inverse non-stationary heat
conduction problem with the boundary condition on the inner surface of the hollow
cylinder from formulas (24) and (25 ) respectively .

Fn,ldief n,1|

def (25)
Fn,Z = Pn,Z |

First, we solve the problem for Py, 2, since it is simpler than for P, 1 ; solving the
first problem will be the basis for solving the second problem.

It's obvious that:

Py, =22 (63)
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We rewrite the antilaplacians P; 2 in the following form:

1

— Inp (p21
" Inp,

(Inp2)?”1 p

1
Inpy

1
F12 = Qg P02 12l .,
(64)

1
P12 1511 pinp dpdp — I plnp dpdp =

In order to obtain a recursive solution to this problem, we rewrite the last expression
as follows:
1 1

Piy=—Fq,—
12 =2 T

1:0,2‘131,2|p:p2 (65)

1
Inp;

where CDLZ = Fl,Z

The following antilaplacians for the quasi-polynomials P, > will be as follows:

Pz,z = ﬁFz,z - ﬁFqu’Lz |p=p2 - ﬁFo,zq’z,zlp:pz, (66)
Where
1 1
q’z,z = MFZ,Z - @Fqu’l,zlp:pz
1 1 1 1
32 = Tnp, 132 —@Fz,zqﬁ,ﬂp:pz —mFqu’z,ﬂp:pz —@Fo,zq’&ﬂp:p2 (67)
where
1 1
@3, WFS,Z _EFZ,Zq)l,le:pz —@1“"1,zcl’z,z|p=p2
40 = Fag = Faa®ia| |~ Faa®| o~ Fiaa,|  —
Foa®aa|,_ (68)
where
1 1
P42 = WF“'Z " Inp, F3'2q)1'2|p=pz Inp, F2'2¢2'2|p=pz " Inp, F1'2¢3'2|p=pz

Therefore, antiabrasion the n-th degree for quasi-polynomials PN,2 can be written
in the following form:

1 n-1 1

Py =—Fp5—
n,2 Inpy n,2 Z

Fn—l—i,Zq)i+1,2| (69)

=0 Inp, p=p2
As can be seen from formula (69), for its solution it is used as a “direct” recurrence ,

i.e. use in the derivation for the current member of a series of previous members of

the series, as well as "partial" recurrence, i.e. use in the derivation for the current

member of a part of the same member of the series.

Te per should determine the function cp i,2 . To do this, formalize the form for them.
Rewrite the equation ( 65 ) for @ |, in the form, characteristic for large values of the
parameter i, namely:

1 1

b, =—F{,—
12 = M2 T

Fo P02 |p:p2 (70)

For the expression @ > from formula (70) to be identical to its definition from (65) ,
it is necessary ( since F o2 =In p ) so that:

¢0'2|P=P2 = O (71)

After the last formalization, we can write a closed expression for @; »:
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1 i-1 1

i = 2~ im0, Fimk2 P2 (72)

Inpy " ¢ |p=pz

Thus, expressions (69), (72), (71) give an exact solution quasi-polynomial problems
for solving the inverse non-stationary heat conduction problem with specifying
temperature boundary conditions on both boundary surfaces for a hollow cylinder in a
recurrent form.

As can be seen, the solution for the functions ®; > contains formally terms
with FL-,ZCDO'le_p Obviously, all these terms are absent, for example, in (63) -
=P2

(69). This is quite natural, since in the accepted representation (72) for @; | » these
terms are fictitious and equal (since q)o,zlp_p = 0)) to zero:
=P2

In the solution for P, . > (69) there are no terms with ®¢ >, but there are terms
with Fy 2.

In the solution for @; ;(72), there are no terms with Fy 2, but formally there are
terms c that are identically equal to zero. F; ,® , |p_p = 0.

=P2
Now you should get a solution for the quasipolynomials P , , 1, using the above

solution method and based on existing solutions for P, 2, Fu, 1, Fn,2.

It's obvious that:

!
ln;; =Fo1—Pop (73)
C decomposition (54) and (55) for the first terms gives the following expression:
_ (Pl p Inp Inp rp21 Inp
Pi1+Pip= 1;f1p(1_lnp) lnpf fl ( _)deP'H'

p Inp _lnp pzl p Inp _
f Py dpdp === [ 2 1 P -dpdp =

1 ! g
:ff;ffpdpdp—l:pp fpz I{ pdpdp = F11——F02 11| 5, (74

In what follows, for P, 1,we Will do the same in the same way as when solvmg for
the quasi-polynomials P, >, namely:

1
Inp;

Pi1=Fi1— 1:0,2‘131,1|p:p2 — P2, (75)

where ®; = Fy ;.

The following antilaplacians for the quasi-polynomials P, 1 will be as follows:

1 1

P,y =F, ——F ——F —P 76
2,1 21 " Iy 12 1,1|p:p2 Inp, ! 02 21| 2,2 (76)
where CI)21 :—1 F21——1 F12q311| )
’ Inp; = Inp;  ~ *“lp=p
P31—F31——1 Fpp®14| - Fi29,1] - Foo®3] —P3, (77)
Inp; Slp=py  Inpy “lp=py  Inpy 7 =lp=p2 ’
Where
1 1
Byq=Fs;——F -
3,1 317 Tnp,t 22 11|p_p Inp, | 12 z1|p=p2
1
Py =F Fya®ui|  ———Fp®y,|  ——F0y| -
41 32%P11 22921 1,2%P31| _
p=p Inp p=p Inp p=p2
1
L —p
Inpy 02 41| 42 (78)
Where
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ﬁ\

1
Inp;

Consequently, antilaplasiany n - o rd degree for quasi-polynomials P ,,1 can be
written as follows:

Dy1=Fy1—

F3,® 4|

Fpa®y ] 1:1,2‘133,1|p:p2

p=p2 In D2 p=p2 Inp,

-1 1
Py1=Fy1 =20 Fn—1—i,2CI’i+1,1|p:p2 — Py (79)

i=0 |n P2

Te per should determine the function cp i, 1. To do this, formalize the form for them.
Rewrite the equation (75) fo r® 1,1 a, which is characteristic for the used 6lshih values
of the parameter i , namely:

1 1
Q1 =—F11 ——Fo,zq)o,dp:p2 (80)

Inpy =~ Inpy

For the expression @ ;,; from formula (80) to be identical to its definition from (75),
it is necessary (since £ o,2= In p) so that:

CDO,1| =0 (81)

p=p2

After the last formalization, we can write a closed expression for @; ;:

@y =Fi1— Xy 1“"1'—1c,2‘3[’1c,1|p=p2 (82)

1
Inp;

Thus, expressions (79), (82), (81) give an exact solution quasi-polynomial problems
for solving the inverse non-stationary heat conduction problem with specifying
temperature boundary conditions on both boundary surfaces for a hollow cylinder in a
recurrent form.

As can be seen, the solution for the functions ®; | contains formally terms
with F i:2¢0'1|p—p , Obviously, all these terms are absent, for example, in (73) - (82).
=P2

This is quite natural, since in the accepted representation ( 82 ) for @ i, 1 these terms
are fictitious and equal (since CI>0,1|p_p = 0 ) to zero: Fi,2d>0,1|p_p =0.
=P2 =P2

In the solution for P , 1 (79) there are no terms with @ ; 1, but there are terms
with Fo,2.

In the solution for @ ;1 ( 82 ) there are no terms with F ¢ 2, but formally there are
terms c that are identically equal to zero.

In principle, the problem of exact solution of the quasi-polynomials P, 2 - (69), (72),
(71) - and Pn, 1 - (79), (82), (81) - for the inverse non-stationary problem of heat
conduction when setting the temperature boundary conditions on both boundary
surfaces for a hollow cylinder in recurrent form can be completed . O dnako , these
solutions can be written in a united form, which should be rewritten in the form of
rows corresponding to @ i jand @ ; » of the formulas (82) and (72), respectively:

D111 = Fiy11 — Zz=oﬁFi+1—k,2q)k,1|p:p2 (83)
1

Diyy2 = T

1
Fiy12— Z;cz()EFHl—k,Zq)k,Z'p:pz (34)

In Ob e dinonnoy form accurate solutions of this problem (for R , ., 1 - ( 79 )
and P ,,2- (69)) will be as follows:

Pn,len,l_

1

n-1 1 i
Yizo v Frno1-i2 [Fi+1,1 — Y=o Tn Fi+1—k,2¢k,1|p:p2] |p=p2 —Pnz  (85)
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n-1_1 1 i 1
= Xiz0 oy, Fr-1- zZ[lnp Fivip = Zhmotrs, Fi+1—k,2q)k,2|p:p2]|p=pz (86)
3.3. Hollow Ball

The quasipolynomials P, 1 and P, > for a hollow ball will be as follows:

p1 rp (p=1) (P21 p
Pni11=Jj _zfl p*Pp1dpdp _%(;2_1) 1 Zp Ji p*Pp1dpdp 87)
p ( 1) P21 (p
Ppyip = f1 21 P*Pupdpdp =2 =5 7 [} p?*Puz dpdp (88)
1 P2 . ) _1
Por =32 1)( 1) P02 _(Pz—l)(l p) (89)

For the first quasi-polynomials P11 and P21, P12 and P22, etc. for a hollow ball you
can write:

_41, Lo 1= | 3 (-D* 1 (-1}
P = 35 (p2—1) ( 10D + 5 (017 8(p2_1)3) (90)

1 (p-1 5 (p—1)3 5 (p—1)* 1 (p-1)5
1)4( =) 5 (1) 5 (D (o ))

12 (p2—1) 24 (p2—1)% * 32 (p2—-D* 32 (p—1)°

6(_1 ) 7 0-1)° 7 (p-1° | 7 (p-1° 1 (1)
D ( 12 (p2-1) ~ 48(p2—1)* 64 (p2=1)° ~ 128 (p2=1)° 128(P2—1)7) ©2)

Pa1 =152 (p2— (91)

8 1
P3q = m;(ﬂz

)8(3 (=D _1-1° 21 (p-1)° 3 (=17 | 9 (p-1° _
20 (p3-1)  4(p2—13 ' 160 (p2—1)° 64 (pa—1)7 ' 512 (p—1)®

4 1
Py{=—=
41 2835p( 2~

1 (p-1%Y .
E(pz—1)9) ; (93)
_4pa, a2 1(p2—p) | 3(pa—p)?*  1(pa—p)?
P 1'2_3p(p2 1)( 1D | 812 8(p2—1)3) (94)

)4 ( 1 (p2=p) 5 (p2=p)® | 5 (p2=p)* 1 (p2—p)°

_4p _
Pa2 =15 p (p2 12(pp-1) 24 (p—13 ' 32 (pp-1)* 32 (pz—1)5) ©5)

_ 8 anef_1ap) | 7 (pa=p)® 7 (p2=p)° | 7 (p2=p)°
P3p = 315 (b2 —1) ( 12 (pp=1) ' 48 (py—1)3 64 (py—1)° ' 128 (p—1)°
1 (p—p)’
-~ ety) (96)

)8(3 (02=p) _ 1(p2=p)® | 21 (p2—p)° _ 3 (pa—p)’
20 (0-1)  4(p—1)° ' 160 (p2—1)° 64 (pp—1)’
9 (p2-p® 1 (pz—p)g)_
7512 (0~ 18 512 (p,-1)%/’

P 2
42 = Sg3z ) —=(pz —

97

Therefore, using the method of mathematical induction, it is possible to write quasi-
polynomials for solving the inverse non-stationary problem of heat conduction when

specifying the temperature boundary conditions on both boundary surfaces for
a hollow ball in a recurrent form:

1 1 1
)2 =P ( 1)2n+1 +__( _ )Zn
nl "“(m+wwrnpp anip?
12n-1 22—k _AN2n=2—k( A _ 1Nk Bon—1-k 2 _r
pZi=0 TPz~ (p— 1) x ( ra G (2n k) 2n+1- k)BZ”“"k)
(98)
1 1 p P2
P =P _ _ r« _ 2n+1 e _ 2n
n,2 n 1,2 (Zn + 1)! (pz _ 1) p (PZ p) (Zn)! p (pz p)
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n—1 22n+17k

P2 2n—2-k k Bon-1-k
2 Ek=0 e P2~ DT (e = p) X (T_ (p2 —

2 1 1
D (2n—k) 2n+1—k) BZ““"‘) (99)

For given nonstationary temperature boundary conditions on both surfaces @, 1 and
0, 2, me recurrence relations are equal to:

2 .
0y =120 v =12 (100)

4. Conclusions

The relevance of the problem of solving the inverse linear non-stationary heat
conduction problem of a one-dimensional geometric shape, obtained in this work in a
closed recursive form, consists in the fact that it is possible to restore the boundary
conditions from the measurements of the heat flux sensor with a sufficient degree of
accuracy.

In this paper, we obtained exact analytical solutions for the unsteady linear inverse
heat conduction problem for bodies of one-dimensional geometry with boundary
conditions on one surface, as well as on two surfaces for a plane body and hollow
cylinders and spheres, obtained in a recurrent form.

The recurrence form of the solution obtained in the paper for the solution of the
unsteady linear inverse heat conduction problem for bodies of one-dimensional
geometry with boundary conditions on one surface, as well as on two surfaces for a
plane body, a hollow cylinder, and a hollow sphere, is a closed-form solution from a
single position, which not always possible explicitly.

From a practical point of view, the obtained solutions can be used in the calculation
of non-stationary temperature fields and heat flux densities for various materials used
in aviation and rocket and space technology, based on the measured non-stationary
boundary conditions on one of the sides, as well as on two surfaces for flat body,
hollow cylinder and hollow sphere.
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