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Abstract:
In this paper we are presenting the problem of finding the triangle with minimal
perimeter among all the triangles with a fixed area. The problem is structured in three
stages: the first stage relates to finding the triangle with the largest angle among the
triangles with a fixed area, the second stage relates to the proof that the triangle with
the minimal perimeter among all the triangles with a fixed area is isosceles, the third
stage relates to finding the triangle with the minimal perimeter among the isosceles
triangles with a fixed area. The paper, in fact, represents one problem, but its solution
platform is a chain of three links.
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1. Introduction
There are different strategies and methods applied to this question such as Lagrange

method, the method of using the inequality related to the Arithmetic Mean and
Geometric Mean (the case of finding the triangle with maximal area [7], divide and
conquer algorithm [2], Fermat’s principle of least time–the path traced by the ray of
light is the minimum perimeter triangle, and so on. Our strategy to solve the problem
of finding the triangle with minimal perimeter fits with the level of knowledge and
skills in mathematics for the students in secondary and high schools. The way is
treated the problem related to the minimal perimeter of the triangle, we think it will
help and motivate the students of secondary and high schools how to solve some
problems that, at first glance, appear to be beyond their scope of knowledge in
mathematics. Also, it supports math teachers in developing approaches to more types
of problem-solving questions and find proper strategies [6] that fit with the level of
knowledge and skills of the students in mathematics in order to solve problems.
“Mathematicians are pattern hunters who search for hidden relationships.” [4].

2. Methodology
Problem 1. The triangle with the largest angle among the triangles with a fixed area

is isosceles. Look at the following figure, Figure 1. Given: the straight lines g and f
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where � ∥ �, the triangles ABC and ABD with common base AB that lies on the
straight line g, and vertices C and D on the line � ∥ �. Two triangles on the same base
and in the same parallels have equal content or area [6]. Triangle ABC is isosceles
(�� = ��).
Let be, ∡��� = �, ∡��� = �.

Constructions: �� ⊥ �� ��� �� ⊥ �� ℎ���� �� = �� = ℎ. Then we have:
(�� = �� ��� �� ⊥ ��) ⇒ �� = �� ��� �1 = �2 . Notice that in the triangle

ABD,

�1≠ �2. We have to prove that � > � where � = �1+ �2 = 2 ∙ �1, � = �1+ �2 . To
prove this inequality, consider the tangent function and compare tan(�) with tan (�).
Denoting by � the length of the base AB and using the definition of tangent

function in the right triangle and the known identities related to tan(�) and tan(�) [5]
we have:

Figure 1. Triangles with equal area.

The same way:

Now, AF + FB = �. It is known that for two positive numbers with a given sum, the
maximum of their product is got when they are equal [7].
This means that, max(�� ∙ ��) is achieved when �� = ��. This happens when the

point F is at point E. Consequently,
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Further, consider the ratio:

Problem 2. Among all triangles with a fixed area the isosceles triangle has the
smallest perimeter.
Let have the triangles ABC, ABE and ABF, as in the Figure 2, with common base

AB that lies on the straight line, j and the vertices C, E and F on the straight line, f (� ∥
�). Triangle ABC is isosceles (CA = CB), whereas the two other triangles have no
equal angles. Then, their areas are equal (they have the same base and equal heights).
Can, easily, be noticed that the lengths of the left sides of the non- isosceles triangles
are larger than the length of the side CA. Consider the lengths of the right sides.

Figure 2. Isosceles triangle has the smallest perimeter.

If FB > CB, as in the case of triangle ABF, then CA + CB < FA + FB, hence:
�(∆���) < �(∆���).

Suppose that, the right side of the non-isosceles triangle has length smaller than that
of the respective side of isosceles triangle. So, let be BE < BC (as in figure above, the
case of ∆���). To prove the above statement, for the case when BE < BC, we do the
following constructions: extend the side AC beyond the vertex C and appoint on this
extension the point D such that CD = CB, and connect the points D and E, as in the
figure above.

Since, CD = CB and � ∥ � ⇒ , ∡��� = ∡��� = ∡���⇒�� ⊥ �� ��� �� = ��.
Follows that, �� = ��.
Since, AE > AC, we have: EA + EB = EA + ED ≥ DB. But, CA + CD = AD < AE +

ED = AE + EB⇒

CA + CB + BC < AE + EB + BC or �(∆���) < �(∆���).
Conclusion: Among all triangles with a fixed area the isosceles triangle has the

smallest perimeter.
Problem 3. Among all isosceles triangles with a fixed area the equilateral triangle

has the smallest perimeter.

Let be given for ∆��� (Figure 3) that: CA = CB = a,

∡��� = �; ∡��� = ∡��� = �, area (∆���) = Å.
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Figure 3. Equilateral triangle has the smallest perimeter.

Using the Law of Sines and the formula for the area of a triangle we have: Area

Follows that,

Substituting at formula for the area of the triangle we get,

So, for the perimeter of ∆ ABC we can write:
Now, find the extremum value of the function P(x) by studying its derivative.

To solve this equation, we can write:

But,

The equation takes the form:
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Replacing , we get the new simpler equation:

In our case we have:

In the computations below we determine the signs of the derivative simply by
considering the function in nominator, since the expression in denominator takes
positive values. So,

Similarly, can be computed that

These results show that the function P(X) has minimum at point . So, we have
determined the triangle with the smallest perimeter for , hence .
Consequently, among all the triangles with a fixed area the triangle with the smallest
perimeter is the equilateral triangle.

3. Conclusions
As mentioned in abstract, the paper represents one problem, but its solution

platform is a chain of three links. The statement “The triangle with the largest angle
among the triangles with a fixed area is isosceles” represents the first link; the
statement “Among all triangles with a fixed area the isosceles triangle has the smallest
perimeter” represents the second link; and the statement “Among all isosceles
triangles with a fixed area the equilateral triangle has the smallest perimeter”
represents the third link. Using logic laws, especially the implication law we have:
(The triangle with the largest angle among the triangles with a fixed area is

isosceles.)

(Among all triangles with a fixed area the isosceles triangle has the smallest
perimeter.)

(Among all isosceles triangles with a fixed area the equilateral triangle has the
smallest perimeter.)
Conclusion is that, among all the triangles with a fixed area the equilateral triangle

has the smallest perimeter.
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