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Abstract:

Models of quasi-periodic crystals are separated into one-, two-, and three-dimensional
categories. The structural model of one-dimensional quasi-crystals is primarily based
on the quasi-periodic Fibonacci sequence. In this paper, the authors primarily
investigate the construction rules of one-dimensional quasi-periodic structures and
design the generation algorithm for constructing Fibonacci strings using four methods:
self-similar transformation method, formula method, iterative method, and high-
dimensional projection method. On this basis, the one-dimensional point-line diagram
and the two-dimensional quasi-periodic diagram (using the fifth generation as an
illustration) are drawn.
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1. Fibonacci Number and Fibonacci Word

The Fibonacci numbers are: 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89,...0r 0,1, 1,2, 3, 5, 8,
13, 21, 34, 55, 89,... Each number in the series after the first two is the sum of the first
two, and the first term is always either O or 1, depending on the starting point chosen.
The series can therefore be described by the recurrence relation of formula (1-1):

E1 :E171+F:172 (1-1)

The Fibonacci word is a specific sequence of binary digits that closely resembles
the Fibonacci sequence's construction. If the assumption is "0" for "01", the formula
(1-2) is as follows:

Sn = SnflSn72

(1-2)
Therefore, if the first two generations are known, it is possible to generate

Fibonacci words starting from the third generation. The first six generations of
Fibonacci words are shown in (1-3):
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(1-3)
Currently, Fibonacci-based constructions can simulate non-periodic physical
systems (such as quasi-crystals).

2. Methods for Generating Fibonacci Word and Their
Implementation in MATLAB

2.1. Iterative method

The iterative method involves replacing each ‘0’ element with a pair of consecutive
‘01° elements and each ‘0’ element with each ‘1’ element. We can design and
implement the generating algorithm using MATLAB programming based on this
iteration rule. The following algorithm for generating is provided for reference.

Define the string and assign the value ‘0’ to it, then assign this value to So as the
first generation of the Fibonacci word.

To achieve iteration, beginning with the second generation of Fibonacci words,
replace the previous generation's ‘0’ with the next generation's ‘01°, the previous
generation's ‘0’ with the next generation's ‘1°, and so on (a for loop can be used to
achieve this iteration).

Output the iteration's result, which is the Fibonacci word for any generation.

Integrate the outputs to obtain the first n generations' Fibonacci word.

2.2. Formulaic approach

The nth element in a Fibonacci word can be found using formula (2-1):

1+| ng |-| (nt1)e | (2-1)

where ? is the golden ratio and @ ~ 0.618, commonly used in formula (2-2):

1

Zcos(”j
5

It is possible to determine the value of the nth Fibonacci word given an approximate
value of 0.618 for ? using different positive integers (beginning with 1) for n.
Moreover, in the Fibonacci word, the number of elements in each string generation is
precisely equal to the Fibonacci series beginning with the second term, with the
generative algorithm designed as follows for reference.

gold = (2-2)

a. Use formula (2-2) to calculate the golden section number.
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b. Define two integers with values of 1 and 2 as the second and third terms of the
Fibonacci numbers for subsequent generation of a series of Fibonacci words.

c. Generate (using a for loop) a sequence of Fibonacci words using a recursive
formula or generating rule for the Fibonacci number.

d. Obtain the nth digit of the Fibonacci word using formula (2-1) (this can be done
using a for loop).

e. The Fibonacci word for the first n generations can be obtained by splicing and
outputting the results from the preceding formulae in order.
2.3. Self-similar transformation method

Self-similar transformation is an essential technique for generating Fibonacci
strings. If we assume ‘0’ and S1 is ‘01°, we have the following formula (2-3):

Sn = Sn—lSn—Z (2_3)

With knowledge of the first two generations, it is possible to generate Fibonacci

words beginning with the third generation. The available generative algorithm is
designed as follows:

a. Define two strings, ‘0’ and ‘01°, as the value of the sum, which corresponds to
the first two generations of the Fibonacci word.

b. The first two generations of the Fibonacci word are known, and the word can be
generated using formulae (2—3) (which can be implemented using a for loop).
c. Output the results to obtain any Fibonacci word generation.

d. Integrate the output results to obtain the first n generations' Fibonacci word.

2.4. Higher dimensional projections

The Fibonacci word can also be represented by a sequence of cuts in a function with

a slope 1 or ¢—1, where ¢ is the golden section and ¢ ~1.618 . The analytical form

of the function is shown in formula (2-4):

y=o¢x (2-4)

If you mark the intersection of the function with the X-axis when it takes a positive
integer as ‘0’ and the intersection with the Y-axis when it takes a positive integer as
‘1’, and then arrange the marked ‘0’ and ‘1’ according to the positive direction of the
order (along the positive direction of the X-axis and the positive direction of the Y-
axis), you can obtain the first n generations of the Fibonacci word.

In the Fibonacci word, the number of elements of the string in each generation is
precisely equal to the Fibonacci number beginning with the second term, i.e., 1, 1, 2, 3,
5, 8, 13, 21, 34, 55,..., and the low-dimensional quasi-crystal can be viewed as the
projection of the high-dimensional crystals in the low-dimensional space, which can
be used as a reference for the algorithm design of the following program.

a. According to the function y=¢x, when X = 1, 2, 3,..., find the corresponding
value of Y and record the coordinates according to the function, where X is a positive
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integer, Y is the function of the corresponding positive integer, and ¢ takes the
approximate value of 0.618.

b. According to the function y =¢@x , determine the value of the corresponding X
when Y takes a positive integer, and write down the coordinates (x, y), respectively.
c. Using x-axis coordinates, sort the resulting coordinates from smallest to largest.

Mark all coordinates with ‘0’ for the X-axis integer and ‘1’ for the Y-axis integer (the
remainder is used for this).

d. Arrange ‘0’ and ‘1’ to obtain the Fibonacci word for any generation.

3. Plotting One-Dimensional Dot-Line Diagrams and Two-
Dimensional Quasi-Dot Matrices

Based on generating the first n generations of Fibonacci words, it is possible to
draw any generation's 1D dot line diagrams and 2D quasi-dot maps. Using the fifth-
generation Fibonacci word as an illustration, the authors have successfully plotted the
one-dimensional dot-line diagram and the two-dimensional quasi-dot matrix diagram,
as depicted in Figures 3-1 and 3-2.

Tk

Figure 1. One-dimensional dot-line diagram of a series of Fibonacci words.

Figure 2. Two-dimensional quasi-dot plot of a series of Fibonacci words.

In a one-dimensional dot plot of Fibonacci words, the character ‘0’ corresponds to a
line segment of length 1 (denoted by a black line segment), while the character ‘1’
corresponds to a line segment (denoted by a red line segment) with a length of the
golden section ratio (with a value of approximately 0.618). On the other hand, in a
two-dimensional quasi dot plot, the character ‘0’ corresponds to a line segment L of
length 1 (denoted by a black line segment), while the character ‘1’ corresponds to a
line segment S of length golden section ratio (denoted by a red line segment).
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4. Conclusions

This thesis first briefly introduces the concepts of the Fibonacci number and
Fibonacci word, which is a one-dimensional quasi-periodic structure in which the
number of elements in each generation of its string is precisely equal to that of the
Fibonacci number sequence beginning with the second term; secondly, it elaborates
the generative principles of the four commonly used methods for generating the
Fibonacci word, namely the iterative method, the formulaic method, the self-similarity
transformation method, and the high-dimensional projection method. According to
these methods, four generation algorithms for constructing the word are respectively
designed. Based on the preceding information, the authors have drawn the one-
dimensional dot-line diagram and the two-dimensional quasi-dot-matrix diagram of
the Fibonacci word (using the fifth generation as an example).
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